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ABSTRACT
Early infant education and care have become priority issues in Brazil. The present article evaluates the spatial 

distribution of public preschools in the municipality of Curitiba, in Paraná State, Brazil. This problem is an important 
aspect of school administration and can relieve problems of inequality in public education, such as accessibility and avail-
ability of places. The main contribution of this article is the system it proposes for rationalizing decision-making in the 
education system in question. This system presents four complementary analyses, although they are independent of one 
another: (i) analysis of the current location of facilities; (ii) analysis of the proposed location; (iii) analysis for expanding 
the capacity of existing units; and (iv) analysis of the opening of new facilities. The models were generated using VB.NET© 
modeling language and were solved by the CPLEX© solver. The results showed that, in general, there is a need for immedi-
ate planning to increase the number of places available in public infant education in Curitiba, which is also a requirement 
for compliance with the goals of the National Education Plan (NEP) that is now in force nationwide. 
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1. INTRODUCTION

Infant education is widely recognized as the basis of the 
path to full citizenship, “in its physical, psychological and so-
cial aspects, complementing the actions of the family and 
community” (Article 29 of the LDB - Law of Directives and 
Bases of National Education). Education is doubly protected 
by the Brazilian Federal Constitution of 1988, both as a right 
for children and a right for workers and their children and 
dependents.

The NEP (National Education Plan), enacted through Law 
13.005/2014, addresses infant education, stating that places 
in preschools should be available for all 4-5-year-old children 
by 2016. Therefore, the public authorities were faced with 
making an important strategic decision regarding the best 
location for the new facilities required by the new law, taking 
the location of existing facilities into account with a view to 
guaranteeing the necessary number of places and facilitat-
ing access to schools. 

The present article addresses the evaluation of the spatial 
distribution of public preschools in Curitiba. This problem is 
an important aspect of school administration and can reduce 
inequalities in public education, such as accessibility and 
availability of places. The aim of this article is to present an 
analysis system to rationalize decision-making in education. 
This system includes four complementary, but independent, 
analyses: (i) analysis of the current location of facilities; (ii) 
analysis of the proposed location; (iii) analysis of expanding 
the capacity of existing units, and (iv) analysis of the opening 
of new units. Analyses (i) and (ii) have been presented and 
used in several other works (see e.g., Pizzolato et al., 2004). 
Analysis (iii) shows the number of places that should be add-
ed to the infant education units to meet demand according 
to the criterion of proximity. Finally, analysis (iv) shows, in 
the same scenario, the best locations for facilities if demand 
increases and new facilities are required. 

This work is important in practical terms because the 
results can help identifying regions where more places 
are required. They can also help to define the best invest-
ment strategy in public infant education units in Curitiba. 
Furthermore, other municipalities could benefit by apply-
ing the methodology, especially those with a considerable 
shortage of places. These municipalities need to evaluate 
the best locations by using strategies for the expansion or 
creation of places. 

The article is organized as follows. Section 2 contains a 
review of the literature on the subject. In Section 3, the pro-
posed system for analyzing the location of preschools in the 
public education network is presented, with a description of 
how the data were collected and treated and the methods 
used to address the problem. In Section 4, the development 

of the proposed system and the results are presented. Fi-
nally, the conclusions and suggestions for future studies are 
presented in Section 5.

2.  LITERATURE REVIEW

Facility location decisions are an important element in 
strategic planning in the private and public sectors, as they 
can have a strong and lasting impact on operational and 
logistical performance (Drezner et Hamacher (2002)). A fa-
cility location problem seeks to find the best position for 
facilities in a region to optimize a specific objective function 
ReVelle et al. (2007). For some interesting reviews of models 
and methods for addressing FLP, see Drezner et Hamacher 
(2002), ReVelle et al. (2007), Klose et Drexl (2005), Revelle et 
Eiselt (2005) and Eiselt et Marianov (2011). 

Regarding facility location decisions, Current et al. (1990), 
Lirn et al. (2003) and Randhawa et West (1995) include fac-
tors such as minimizing costs, the proximity of suppliers and 
consumers, local infrastructure, the location of competi-
tors, government barriers, economic impact, environmental 
damage and determining the number of facilities required 
to guarantee the desired level of services. These factors vary 
according to the type of business involved. 

Formally, the study of location problems began with the 
pioneer work of Alfred Weber. Owen et Daskin (1998) re-
call that in 1909, Weber analyzed the problem of building 
a single warehouse and minimizing the distance between 
it and its various customers. The work was first published 
in German and translated into English twenty years later 
(Weber, 1929). The seminal paper by Hakimi (1964) gen-
eralized the original Weber problem (Weber, 1909) from a 
single Facility Location Problem (FLP) to a multiple facili-
ty location problem. This publication marked a revival of 
the facility location problem, which has become one of the 
standard problems in the operations research community 
(Eskandarpour et al., 2015).

Location problems have been widely studied in a variety 
of sectors, resulting in the development of different meth-
ods and an impressive number of solutions particularly 
designed for various types of location problems. In recent 
decades, there have been many applications concerning the 
location of public (i.e. schools, post offices, emergency ser-
vices, fire stations, hospitals, ambulances) and private (i.e. 
plants, warehouses, industrial sites) facilities (Aboolian et 
al., 2007, Bruno et al., 2015). 

There have been many recent works on deterministic 
multi-period models, where decisions are made in different pe-
riods of a given planning horizon, based on the known value of 
parameters over time. Likewise, there are stochastic models, 
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where decisions are made once based on uncertain knowledge 
of the future value of input parameters. See Dias et al. (2007), 
Albareda-Sambola et al. (2009), Wilhelm et al. (2013), Correia 
et Melo (2015), Jena et al. (2016) for recent articles related to 
multi-period models. For some interesting and recent stochas-
tic models, please see Berman et Drezner (2008), Sonmez et 
Lim (2012), Klibi et al. (2016), Marković et al. (2017). 

Recently, many articles have worked with multi-objec-
tive models when addressing problems that involve loca-
tion. Some important contributions can be listed. Najafi 
et al. (2015) proposed a multi-objective integrated logistic 
model to locate disaster relief centers while taking into ac-
count network costs and responsiveness. To solve the loca-
tion problem, they presented a genetic approach. Steiner 
et al. (2015) presented an optimization-based model for 
developing a better system for patients by aggregating var-
ious health services offered in the municipalities of Paraná 
into some micro regions. The problem is formulated as a 
multi-objective partitioning of the nodes of an undirected 
graph (or network) with the municipalities as the nodes and 
the roads connecting them as the edges of the graph. As an 
optimization tool, they used an integer-coded multi-objec-
tive genetic algorithm. 

Basar et al. (2016) presented an integrated decision sup-
port methodology for locating bank branches. In the mod-
el, they considered the characteristics and importance of 
the selected criteria, and proposed a novel multi-objective 
mathematical programming model. The proposed method-
ology was applied to locating branches of a Turkish bank. 
Paul et al. (2016) analyzed the effectiveness of the current 
and optimal locations of a set of existing regional assets 
maintained by the Department of Defense to respond to 
large-scale emergencies. They formulated a multi-objec-
tive hierarchical extension of the maximal covering location 
problem that sought to maximize coverage of the popula-
tion within a rapid response window while minimizing mod-
ifications to the existing structure.

Guerriero et al. (2016) proposed some optimization mod-
els to support the decision-making process in a healthcare 
service network. They compared the existing health care 
service network of the northern area of Calabria (Italy) with 
the configurations determined by solving well-known facili-
ty location models. Ares et al. (2016) considered the prob-
lem to locate a fixed number of Roadside Wellness Centers 
(RWCs) based on these effectiveness and equity objectives. 
They came up with a novel, set-partitioning type of formu-
lation for the problem and proposed a column generation 
algorithm to solve it. 

The present study focuses on evaluating the location of 
educational units. In the literature, such studies have been 
conducted in several countries. For studies conducted in Italy, 

see Bruno et al. (2015; 2016). The former presented a mathe-
matical model to support location decisions oriented to ratio-
nalize facility systems in non-competitive contexts. To test the 
model, they showed computational results and an application 
concerning the Higher Education system in an Italian region. 
The latter presented two new mathematical models to sup-
port the decision to modify the current configuration of edu-
cational units. Another work that deserves to be mentioned is 
that from Deruyter et al. (2013), which evaluated the spatial 
inequality in preschools in Belgium, considering accessibility 
and area analysis. The paper provides an instrument for local 
authorities to support decisions aimed to increase the capac-
ity of existing schools, implement new schools or suppress 
non-essential school locations. For Brazilian papers on school 
location, see Pizzolato et al. (2004), Pizzolato et Silva, (1997), 
Figueiredo et al. (2014) and Mapa et Lima (2014).

In general, the models commonly used in a public context 
are the median, covering and center models, which provide a 
solid base for most location studies (Owen et Daskin, 1998). 
The complexity of the location problem depends on its na-
ture and the criteria to be considered to make the decision. 
However, these have two characteristics: (i) they are difficult 
to solve, since even their simple versions are considered NP-
hard and (ii) they appear to be sub-problems of several other 
problems (Current et al., 1998; and Noor-e-Alam et al., 2012).

3. PROPOSED ANALYSIS SYSTEM

The schema of the stages of the proposed system for an-
alyzing the location of preschools is described in Figure 1. 
Details on each step are mentioned throughout Section 4. 

4. DEVELOPMENT AND RESULTS

To study the spatial distribution of the infant education 
units, it was necessary to discretize the population into mi-
cro regions called census tracts. This enabled normative 
studies of the population. Therefore, the map of the region 
to be studied must be divided into census tracts, which are 
small divisions determined by the Brazilian Institute of Ge-
ography and Statistics (Instituto Brasileiro de Geografia e 
Estatística – IBGE). The tracts facilitate the conducting of the 
Census (IBGE, 2010). The census tracts will be referred to 
hereafter on as a tract or tracts.

Regarding the number of children in each tract, informa-
tion was used on the school-age population in the 2010 Cen-
sus conducted by the IBGE (2010). The number of children 
per Tract who require a place in preschools, according to the 
2010 Census, is partially shown in Table 1. As shown in the 
table, the number of tracts is 2,395, and the total number of 
4-5-year-old children in 2010 was estimated at 43,717.
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Table 1.  Population divided by age and by tracts and suburbs of 
Curitiba

Tract Code Suburb 4-5-year-
olds

1 410690205010102 Alto da Glória 8
2 410690205010105 Alto da Rua XV 0
3 410690205010106 Alto da Rua XV 12
4 410690205010107 Alto da Rua XV 10
5 410690205010108 Alto da Rua XV 10
6 410690205010109 Alto da Rua XV 21
7 410690205010112 Alto da Rua XV 12
    

2394 410690205050036 Campo Comprido 41
2395 410690205050038 Campo Comprido 24

Total Demand: 43,717
Source: Compiled from IBGE - IPPUC - Database (2010 Census) available at: 

http://curitibaemdados.ippuc.org.br/cu ritiba_em_dados_pesquisa.htm 
Accessed on 9 February 2017. 

Furthermore, information was collected on the address 
and enrolment capacity of each of the 255 preschools in 
Curitiba, provided as mentioned above by the Municipal 
Education Secretariat. Table 2 shows the location of some 
of these units and their current enrolment capacity. Each 
preschool has an average of 46 places, with a standard devi-
ation of 28 places. For further analysis, it was estimated that 
the capacity of the new units to be built would be 50 places. 

It was necessary to locate the center of gravity for each 
tract, i.e. a point to represent the geographical center of the 
tract. Figure 2 shows the map of Curitiba, scanned using Arc-
Gis® software, with boundaries of 2,395 census tracts, with 
the different colors representing the clusters that form the 
75 suburbs. It is assumed that these points, for the purpos-
es of the study, contain the entire school population of four 
and five-year-olds in the tract, as it is not possible to know 
the exact position of each student. This figure also shows 

Composition of necessary information 

Data collections
• The following information was required:
• Map of Curitiba, PR with divisions of suburbs and census tracts and number of 4-5-year-old children, obtained from the 

IPPUC* (Curitiba Urban Planning and Research Institute).
• Address and capacity of infant education units (data obtained from the Municipal Education Secretariat (SME)**.

Determination of the Network Vertices
• The central (geocentric) points of each corresponding census tract, which, for research purposes, contain the entire 

population of 4-5-year-old children, were marked.

Determination of the Network Arcs and Distance Matrix
• Through the coordinates of the vertices, the Euclidean distances were calculated between the geographical centers, 

forming distance matrices for the tracts and suburbs.

1) Evaluation of Current 
Location

2) Evaluation of Ideal 
Location

3) Evaluation of expanding 
existing units

4) Evaluation of building 
new units

The tracts that currently have 
preschools were identified, 

assuming that they are located 
in their geographical centers.

School zones were identified 
based on optimal locations of 

facilities.

Of the tracts with existing 
facilities, those that should have 
their capacity expanded to meet 
existing demand were evaluated.

First, the number of facilities 
to be opened was analyzed 

and their optimal location was 
determined to meet demand.

The vertices are designat-
ed for the existing facilities 
through the uncapacitated 

p-median problem.

Optimal location is deter-
mined through the uncapaci-

tated p-median problem.

The number of places to be 
added per tract is determined 

through the adapted trans-
portation problem.

The ideal location for the 
opening of new units, con-
sidering existing units, was 

determined through the unca-
pacitated p-median problem 
and the adapted capacitated 

p-median problem.

Figure 1. Schema of employed methodology
*IPPUC is the Curitiba Urban Planning and Research Institute. It is responsible for urban planning and monitoring of actions in the municipality through 

urban projects aligned with the master plan
**The Municipal Education Secretariat seeks to ensure quality education for children, young people and adults in the municipal network

Source: The author(s)’ own
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the geocoding of the existing unit with a label for the current 
capacity of each one. 

With the network vertices and their respective geograph-
ical coordinates defined, a graph G = (N, A) is created with 
N = {1,...,n} vertices, representing the geographical centers 
of the tracts in the area under study, measuring the distanc-
es between geographical centers, using Euclidean distances 
between the pairs of vertices. Thus, for each vertex i ∈ N 
a weight demi is associated, which represents the demand 
centered on that vertex. With each pair of vertices (i, j) a 
distance dij is associated. The matrix D = [dij] combines the 
distances between all the pairs of vertices. 

An important factor to consider due to its impact on the 
use of public education units is the number of private insti-
tutions. The Ministry of Education estimates that, in 2014, 
private units accounted for 54.60% of all units. Thus, the 
following simplification was adopted: it is assumed that the 
private education network fills 50% of the necessary places. 
Consequently, the remaining 50% should be the responsibil-
ity of the public network. 

This premise may be considered valid because a certain 
percentage of children will resort to the private units, irre-
spective of the number of places in the public network. In 
other words, seeking to meet 100% of the demand for plac-
es in schools in public units would mean an excess of places, 

Table 2. Public Preschools in Curitiba

Name of Preschool Suburb Tract Code Coordinates
(Longitude; Latitude)

Capacity
(places)

1 Krasinski ABRANCHES 410690205040138 (673804; 7193207) 50

2 Nossa Senhora de Fátima ABRANCHES 410690205040137 (673716; 7194474) 45
3 Pantanal ALTO BOQUEIRÃO 410690205020243 (677609; 7174509) 15

252 Edmundo Lemanski XAXIM 410690205020175 (674296; 7175908) 44
253 Começo de Vida XAXIM 410690205020107 (673927; 7177616) 24
254 Letras Douradas XAXIM 410690205020111 (674075; 7178131) 22
255 Acácias Unidas XAXIM 410690205020148 (674752; 7178750) 25

Total Capacity: 12,251
Source: The author(s)’ own

Figure 2. Geocoding of the addresses of the preschools illustrating the capacity of each unit
Source: The author(s)’ own
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overestimating demand for the public network, as part of 
the demand is met by the private tract. At the same time, 
there is the possibility that some children would not use the 
private network if places were available in the public units.  

Based on this information, an analysis was made of the 
location itself, adjusting for the aforementioned percentage 
rate (50%) in all subsequent analyses. The required places 
values in each census tract were rounded up to non-integer 
percentages, resulting in 22,441 places in total that should 
be provided by the public network.

4.1 Evaluation of Current Location 

The first evaluation was concerned with the current lo-
cation of preschools, distributed over 75 suburbs and 2,395 
tracts in Curitiba. This stage consists of taking the facilities 
in their current locations and identifying their respective 
catchment areas, i.e. the areas that, due to their proximity, 
would be served by each unit. Thus, the demand from the 
catchment area could be compared with the enrolment ca-
pacity to determine whether there was a shortage or surplus 
of places.   

In this stage, the p-medians model is applied to designate 
children to public preschools. Ref. 39 links the p-median 
problem (PMP) to an undirected graph G = (V,A), where the 
set of vertices V contains n demand points interconnected 
by the arcs of the set A. The purpose is to identify a set of 
vertices Vp (Vp∈V) selected as medians, so that the sum of 
the costs between the vertices of {V-Vp} and the correspond-
ing (or associated) vertices of {Vp} is minimal. 

For this model, a graph G = (N, A) is created with N = 
{1,...,n} vertices, so that the indices i and j ∈ N. The deci-
sion variables correspond to [xij]nxn, which is an assignment 
matrix, with xij = 1 if the vertex i is assigned to the median 
xjj=0, and xij = 0, otherwise; xjj=1 if the vertex j is a median 
and , otherwise. The parameters are: n is the total number 
of vertices (demand points) on the graph G; p = number of 
demand points to be chosen as medians; dij is the Euclidean 
distance matrix between i and j; demi is the demand point of 
the vertex i. 

Thus, the p-medians problem can be formulated in ac-
cordance with the following model of Binary Integer Linear 
Programming (BILP), from (1) to (5). 

(1)

 (2)

(3)

(4)

(5)

The objective of the problem in (1) is to minimize the sum of 
the weighted distances of each vertex to the nearest medi-
an. In other words, minimize costs between the vertices of 
{V-Vp} assigned to the medians of {Vp}. The constraints in (2) 
and (4) guarantee that each vertex i (demand point of {V-Vp}) 
is assigned to only one vertex j, which must be a median. The 
constraint in (3) ensures that the set {Vp} contains exactly p 
elements, and the constraint in (5) defines the decision vari-
ables xij as binaries.

Constraint (6) is added to this model, defining which 
schools already have units.

(6)

To solve this problem, it is possible to identify the sub-
urbs/tracts with preschools and the shortage or surplus of 
places. An excess of places is calculated by comparing the 
number of children seeking a place and the capacity of the 
facilities. 

In this stage, no attempt is made to optimize, only to con-
firm. Thus, the model makes a simple designation of each 
suburb or tract without a crèche or preschool to the suburb 
or tract with the nearest facilities. 

Figure 3 illustrates the problem in a broad sense for 
suburbs and in detail for tracts. These figures are given 
colors according to a code that indicates the seriousness 
of the imbalances identified, according to bands of excess 
or shortages of places in the regions (suburbs and census 
tracts) in question. Thus, it is clear that the priority invest-
ment areas will be those in red, as they have the greatest 
shortage of places.

This initial analysis leads to a conclusion regarding the 
management of the system in the short term. The great-
est imbalance is in the suburbs of Cajuru, Sítio Cercado 
and Cidade Industrial. Despite the existence of active fa-
cilities, there is a shortage of over 500 places. Therefore, 
any new openings or expansions should prioritize these 
suburbs a priori. 

Regarding the analysis of the current location for the 
tracts, the ones farthest from the city center suffer the 
greatest shortage of places, with over 20 places required. 
There are tracts with a surplus of places (in blue), such as the 
extreme south and west of the city.
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4.2 Evaluation of Ideal Location 

In this phase, the ideal or optimal location is obtained 
by solving the p-median model, from (1) to (5) using CPLEX. 
Although the existing facilities are not easily and cheaply 
removable physically, the study of the optimal location is 
justified when the inequalities are serious or when there is 
a need to supplement the construction of new facilities. It is 
important to review the inequalities and analyze the neces-
sary expansions. In this stage, zoning based on optimal loca-
tions is established, and can be compared with the current 
locations of existing schools. 

It should be highlighted that, for managerial purposes, 
the proposed reallocation must include procedures to con-
ciliate it with the existing network, not disregarding existing 
units, with their land and facilities. The proposed locations 
divide the area into regions, and each preschool will belong 
to one of these, adding its capacity to it. Therefore, although 
the current facilities are not in the proposed locations, they 
will have the capacity to serve the regions identified by the 
model. Thus, for each proposed region there was a demand 
from students and a supply from the capacity of the exist-
ing schools. The results of this comparative evaluation are 
shown in Figure 4.

The analysis of the ideal location for facilities found, for 
instance, that the suburb of Prado Velho, with 82 children, 
would cease to have preschools. The children would be sent 
to the suburb of Parolin, which has 176 children. An analysis 
of the 2,395 tracts shows the formation of well-balanced re-
gions, with an even distribution of schools all over the map. 

4.3 Evaluation of the Expansion of Existing Units

The analysis based on the expansion of preschools 
through the mathematical model for the linear program-
ming of transportation identifies the existing physical facil-
ities that should expand their capacity and determines the 
required number of extra places. 

The classical Transportation Problem (TP) refers to situa-
tions such as the transport or distribution of products from 
production centers to consumer markets in such a way that 
the cost of transport should be as low as possible. 

The transportation model in the present work is used to 
minimize the sums of distances traveled by children to their 
preschools. Therefore, it is admissible that, instead of having 
(1) production centers with a determined quantity produced 
or on offer and (2) consumer markets with demand for a 
determined quantity, there are 1) public preschools with a 
determined number of places on offer and (2) a determined 

Figure 3. Evaluation of the current situation by rates of excess or shortage of places in suburbs and census tracts
Source: The author(s)’ own
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number of children than need these places. In the math-
ematical formulation of the TP adapted to the problem in 
question, the origins are clusters of children on the vertices 
and the destinations are the preschools.  

The decision variables for this model are: xij, representing 
the number of children (therefore, xij ≥ 0) conducted from 
the origin vertex i to the destination vertex j, which rep-
resents a preschool; kj, representing the number of places to 
be added in the tracts j within the existing facilities in each 
tract j.

The parameters are: demi, referring to the total number 
of children in the vertex i; Cj is the number of places on offer 
or the capacity of each j and the distance dij. The value of M 
is also added to the model. This is a sufficiently large num-
ber (for calculation purposes M=100,000). Thus, the lowest 
number of places kj is accepted. Empirically, it may be con-
sidered that . The complete model of 
the TP is defined in (7) to (11), below.

(7)

(8)

(9)

(10)

(11)

The objective function (7) focuses on minimizing the sums 
of the distances traveled by the children to the preschools. 
If xij is the number of children “transported” from origin i to 
destination j, then dij xij is the cost of this transport. The total 
cost of transport is the sum of the distances traveled by all the 
children transported from every origin i to every destination j. 

The constraint in (8) determine that the total number of 
children that leave a determined vertex i for the facilities j 
must not be higher than the number of children in this ver-
tex. The constraint in (9) does not allow children to be taken 
to vertices without preschools. The constraint in (10) deter-
mines that for suburbs or tracts with preschools, i.e. those 
with Cj>0, the total number of children taken to each vertex 
j must be equal to the capacity of this preschool, added to kj. 
The constraint in (11) is concerned with the domain of the 
decision variables.

The results of the model showed that 187 units out of 255 
needed to increase the number of places. In other words, the 
configuration of this model demonstrated that, approximate-
ly, 27% of the units had not seen an expansion in terms of 
preschools. Figure 5 highlights the designation of children to 
preschools and the number of places that need to be added. 

Figure 4. Solution of the uncapacitated model for suburbs and tracts
Source: The author(s)’ own
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The analysis showed that the tract requiring the greatest 
increase needed to add 309 places. Considering that that av-
erage number of children enrolled in a preschool is 50, as 
estimated by the average capacity of preschools in the ini-
tial data, the equivalent of six facilities would be required to 
meet this demand. 

There are ways of adjusting the capacity of a school, such 
as increasing the number of classes, greater use of the class-
room and/or small building works to expand the facilities. 
However, the results indicated that 28 of the units requiring 
expansion have a shortage of over 100 places. This result 
may justify the opening of new units. This strategy will be 
assessed in the following subsection. 

4.4 Evaluation of Opening New Units

With the analyzes presented, it is confirmed that the 
number of vacancies should be expanded so that the entire 
demand for children is met. For the strategy of opening new 
units, two analyzes were conducted. The first is based on 
the traditional p-median model, except for considering the 
location of existing schools. The second was based on the 
adapted capacitated p-median problem.

It is important to mention that, for this analysis to be con-
ducted, the number of tracts with preschools had to be close 
to the real number of existing units. The tracts represent 
better the capacity of a single preschool than the suburbs. 

4.4.1 Adapted uncapacitated p-median problem

The model used in this analysis, (12) to (17), differs from 
the one presented as (1) to (5), as it contains a constraint 
(16) that defines the vertices j with existing schools, and 
adds the parameter pnew to the existing p-medians, repre-
senting new units, in (14).

 (12)

 
(13)

(14)

(15)

(16)

(17)

The number of units to be built, pnew, was obtained as fol-
lows. First, the total number of required vacancies was deter-
mined, calculated by the difference between the estimated de-
mand (22,441 children) and the total capacity (12,251 places) 
in the tracts (resulting in 10,190 places). This number was then 
divided among the number of places that a new unit would 
have, estimated at 50 places (as estimated in the initial data). 

Figure 5 Illustration of the solution of the Transportation Model for tracts. Note: In parenthesis: (Demi; Ci) for all of vertex i
Source: The author(s)’ own
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The solution of the uncapacitated p-median problem 
shows the ideal location for the opening of new units on the 
map of Curitiba. By this calculation, the number of new units 
to be built is 204 (pnew=204). Figure 6 shows in detail the 
demand of each vertex, including vertices that already have 
facilities and the suggested facilities. 

4.4.2 Adapted capacitated p-median problem

For this analysis, the model in (20) to (25) shows the sig-
nificant differences from the classical model in (1) to (5), 
with (1), (2) and (4) remaining unaltered in (20), (21) and 
(23). 

For this model, a graph G = (N, A) is created, with N = 
{1,...,n} vertices, so that the indices i and j ϵ N. The decision 
variables xij, in turn, are not binary variables, as in the model 
in 4.1. They are continuous, now representing the fraction of 
children in each census tract i that are assigned to the infant 
education unit j. xjj=1 if the vertex j is a median and xjj=0, 
otherwise (see constraint (25)).

The parameters are: dij is the matrix of Euclidean dis-
tances between i and j; demi is the demand of the vertex ; 
p represents the number of existing preschools; pnew is the 
number of facilities to be opened to meet demand; is the 
number of existing units with below-demand capacity, i.e. 
demand is greater than supply, and with behavior similar to 
the other vertices without facilities; cn represents the ca-

pacity of a newly opened school; dni represents updated de-
mand; cnj updated demand. 

On the opening or not of a new preschool, the demand, 
capacity and decision variables should be updated to the set 
of vertices that already have existing preschools. These ver-
tices form a subset N’ of the existing N vertices (N’ϵN) 

; 

(18)

; 

For tracts with existing preschools, that is, with cj>0, the 
relationship between capacity and demand is verified. Tracts 
that have capacity greater than or equal to demand are de-
fined as xjj=1. The tracts that have preschools, but with less 
than the necessary capacity, are necessarily considered sur-
plus demands in the search of new preschool, with xjj=0.. 
Thus, these children should be allocated to the new pre-
schools, which will be defined by the model among vertices 
that do not have preschools. For vertices that do not have 
pre-schools (that is, those with cj=0), we assume cnj=cn, 
where cn represents the capacity of a new open preschool 
(50 vacancies):

Figure 6. Solution of the adapted uncapacitated model.
Source: The author(s)’ own
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(19)

Figure 7 presents a numerical example of calculation for 
tracts with preschools.

The updated model is presented below:

(20)

 (21)

(22)

(23)

(24)

 (25)

The constraint in (21) refers to the children of vertex i that 
are destined to only one school j. The constraint in (22) re-
fers to the number of medians or preschools to be opened. 
The constraints in (23) ensures that vertex i is allocated to a 
median j only if j is a median. The constraint (24) makes the 
model capable, so that the total number of children to be 
assigned to a given vertex is less than or equal to its capacity. 
The constraints in (25) define the domain of the variables. It 
is worth mentioning that the vertices j that have preschools, 
represented by the variable decision variable xjj, are fixed a 
priori as explained above. 

Figure 8 shows in detail the demand of each vertex and 
the number of children that leave one vertex for another, 
represented by the labels on the lines. The capacities of the 
new units are shown in green, while the capacities of the 
existing units are in red. For example, in the enlarged region, 
there are three preschools with a capacity of 30, 45 and 90 
places, and three new preschools, each with a capacity of 50 
places. The arrow points to a tract with 11 children, of whom 
five are assigned to an existing crèche with 90 places, while 
six are assigned to a new unit with 50 places.

4.4.3 Analysis of Processing Times

For Step 1, the processing times were short, with the 
longest computational time being 26.12 seconds. This is be-
cause this stage only involves designating the vertices to the 
nearest schools, without relocating the vertices, as occurs in 
Step 2. In Step 2, for the tracts, the processing times were as 
long as 21,053.43 seconds (5 h 51 min), which is consider-
ably longer than that of Step 1. 

To evaluate the expansion of existing units (Step 3), the 
times required for obtaining an optimal solution for the sub-
urbs were negligible, at less than 1 second. For the tracts, 
the processing time was 88.55 seconds, which is also very 
short. This is because it is not a BILP problem, and the time 
required for the solution is naturally shorter. These results 
are shown in Table 3. 

Regarding the analysis of opening new schools in the 
tracts, for the uncapacitated PMP (Step 4.1), the processing 
times was 11 h 04 min, considerably longer than the other 
analyses. In the case of the capacitated problem (Step 4.2), 
the processing times were 6 h 44 min. However, due to the 
complexity of the problem, it was not possible to guarantee 
that the best solution found by the exact method was com-
patible with the optimal solution of the problem (2.76% gap 

Figure 7. Representation of pre-optimization parameters (a) and example of a post-optimization result (b)
Source: The author(s)’ own 

Note: The new units are represented in green and the existing units, in red.
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Figure 8.  Solution of capacitated model adapted to the preschools
Source: The author(s)’ own

Table 3.  Computational time and optimal value obtained for Steps 1, 2 and 3

Current Location
(Step 1)

Ideal Location 
(Step 2)

Expansion
(Step 3)

N P Objective Func-
tion Value* CT (s) Objective Func-

tion Value* TC (s) Objective Function 
Value* CT (s)

Suburbs 75 52 5736696 0.03 3287966 0.25 72190771186 0.2

Tract 2395 255 174172.61 26.12 15460010 21053.43 2440516944038 88.55
Source: The author(s)’ own. Note: CT = Computational Time
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in relation to the best known lower bound). The results in 
terms of computational time for evaluating the opening of 
new units are shown in Table 4.

5. CONCLUSION

The preschool facility location problem in Brazil is a high-
ly topical issue, as the right to infant education has been a 
priority goal of public administration, although divergence 
between discourse and practice is commonplace.

The present study describes a set of methodologies for 
studying the location of public infant education units and 
their concomitant application in the municipality of Curiti-
ba, in Paraná State. The methodologies can be applied to 
any Brazilian municipality, or to any municipality with needs 
similar to those of Brazil. This work was motivated by the 
great surge of social pressure nationwide and, specifically, 
in this field of study, for the expansion or opening of new 
preschools, as highlighted in the media1. The offer of free 
preschool places often means that the families of these chil-
dren are free to go out to work and support themselves and 
contribute to society. 

The case study shows that there is a shortage of places in 
many regions. The number of children who require a place 
is 43,717, while only 12,251 places are available in public 
institutions. Thus, there is an estimated global shortage of 
31,466 places. This shortage is the result of a simple arith-
metical calculation of the difference between the total ca-
pacity of each neighborhood and its population, as calculat-
ed by the IBGE. 

Nevertheless, there are factors that affect this calcula-
tion, such as the participation of private schools, which ab-
sorb part of the demand or attracting students from neigh-
boring municipalities. This consideration is important given 

1 Recent news coverage is available at: http://g1.globo.com/pr/
parana/noticia/2016/03/maes-vao-camara-protestar-contra-
falta-de-vagas-em-creches-de-curitiba.html; http://g1.globo.
com/fantastico/noticia/2015/08/faltam-mais-de-tres-milhoes-
de-vagas-em-creches-e-pre-escolas-publicas.html; http://g1.
globo.com/pr/parana/videos/v/falta-de-vagas-nas-creches-ain-
da-e-um-problema-em-curitiba/4092274/

that the Metropolitan Region of Curitiba has 29 municipali-
ties of Paraná State in a relative conurbation process. Many 
families who reside in neighboring municipalities, for con-
venience or in search of better quality schooling, prefer to 
send their children to study in Curitiba. However, this is a 
two-way process, as the opposite also occurs. 

The present study included four analyses that comple-
mented one another, although they were conducted in-
dependently. In all the analyses, it was assumed that only 
50% of each census tract places were required, resulting in 
22,441 places in total that should be provided by the public 
network. Nevertheless, Curitiba lacks places in infant educa-
tion. For practical purposes, the analysis of the current loca-
tion of the facilities is important to show the inequality from 
one census tract to another. Depending on the numerical 
values of these inequalities, corrective measures may vary, 
ranging from managing capacity to building new schools. 

The second analysis involved the proposal of reallocating 
units in the entire network to identify whether the imbalanc-
es are important and in which regions they occur most. The 
proposed locations were conciliated with existing schools to 
address the imbalances and define the necessary expansions. 

The third analysis had to do with expanding the capacity 
of existing units. Through the model of the classical Trans-
portation Problem, it is possible to conduct a numerical 
evaluation to determine how many places need to be add-
ed at each unit to meet demand.  For managerial purposes, 
some measures can adjust the capacities of schools, such 
as expanding the buildings, adapting covered spaces to cre-
ate classrooms, additional classes and more students per 
classroom (providing these measures comply with the laws 
and directives of the Brazilian National Education Plan (P)). 
Reducing capacity is simpler, transferring teachers, school 
furniture and support from the secretariat to needier areas.

The fourth analysis was based on a strategy of building 
or opening new facilities. The first model analyzed was an 
uncapacitated PMP, assessing the best location for new units 
considering the existing ones.  

An alternative solution to this model was found using an 
adapted CPMP, considering the capacity of the existing units 
of new schools. The results of this strategy showed that all 

Table 4. Computational time and result obtained for Steps 4.1 and 4.2

PMP ADAPTED (Step 4.1) CPMP ADAPTED (Step 4.2)

N P Optimal CT (s) New Schools1 Cap1 Best Value 
Obtained Gap (%)2 CT (s)

2395 255 5875512 39862.36 204 50 70393180 2.76 24259.71
Source: The author(s)’ own

Note: 1For the number and capacity of new schools. 2For the best known lower bound
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children without a place should be assigned to the new units 
as an alternative to expanding existing units. This strategy 
may weigh more heavily on the public purse. Although the 
optimal solution was not obtained for this model, its assess-
ment aided the analysis of regions with a need for new units, 
as the gap is only approximately 3%.

At the managerial level, from the results of the model, it is 
possible to determine which units should be expanded and 
which units should be opened. This should be followed by an 
assessment of the costs and all the suggested strategies. The 
advantage of using more than one model to solve location 
problems is that the different results can be compared.

Finally, the use of different models, in parallel with the 
purposes of this study, proved to be an advantage, enabling 
the comparison of the solutions obtained. In short, for the 
case study, the results showed that, in general, there is a 
need for immediate planning to expand the infant education 
network in Curitiba, including being in compliance with the 
goals of the NEP (which states that preschool places should 
be available to all children by 2016). 

As there is an evident need for large investments in this 
field, the results of this study can also contribute to a better 
investment strategy for public preschools. In future studies, 
the information on regions with greater need to open new 
facilities can be compared with the average income per res-
ident of each census tract. 
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